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We study the gravitational collapse of two thin shells of matter, in asymptotically flat spacetime
or constrained to move within a spherical box. We show that this simple two-body system has
surprisingly rich dynamics, which includes prompt collapse to a black hole, perpetually oscillating
solutions or black hole formation at arbitrarily large times. Collapse is induced by shell crossing and
the black hole mass depends sensitively on the number of shell crossings. At certain critical points,
the black hole mass exhibits critical behavior, determined by the change in parity (even or odd) of
the number of crossings, with or without mass-gap during the transition. Some of the features we
observe are reminiscent of confined scalars undergoing “turbulent” dynamics.
PACS numbers: 04.70.-s,04.25.dc
I. Introduction. The advent of supercomputers and the
ability to solve numerically the Einstein field equations
has widened our knowledge of gravitational physics, and
in some cases opened completely new and unexpected
directions [1, 2]. Black hole (BH) physics remains, in
this context, one of the most challenging problems due to
the large amplitude of the gravitational potential close to
their “surface” and because most often than not, BHs in-
teract at high energies. In recent years, important strides
have been taken. The two-body problem was solved sat-
isfactorily at a numerical level [1, 3], allowing for an un-
derstanding of binary BHs, including the violent collision
of two BHs at close to the speed of light [4–7].
In parallel, the question of whether and how BHs form
as a result of the time-evolution of initial data was ad-
dressed in a seminal work by Choptuik [8]. Choptuik
studied the collapse of massless fields in asymptotically
flat spacetime, finding critical behavior at the onset of
BH formation, and dispersal of the scalar for very low
amplitudes [9], consistently with the nonlinear stability
of Minkowski [10].
Only recently, however, did one start to understand
the onset of the rich dynamics allowed for when the fields
are constrained to a finite spatial extent [11–18]. Some
classes of initial data seem to always collapse to BHs irre-
spective of their amplitude, although BH formation may
take arbitrarily large times to occur; other types of ini-
tial data form nonlinearly stable, regular but oscillating
configurations. The exact nature and development of the
process is not known, but blue- and red-shifting of the
radiation encoded in the nonlinearities of the field equa-
tions, are of paramount importance. Equally important
is the confining nature of the setup, forcing the fields to
slosh back and forth, allowing nonlinearities to build up.
The study of gravitational collapse of matter involves
state-of-the-art numerical codes able to follow the system
accurately for a large amount of time. The purpose of this
Letter is to point out that similar phenomena occurs in
a very simple scenario, indeed perhaps the simplest two-
body problem one can conceive of: two infinitely-thin,
spherically symmetric shells of matter in a box. Such
configuration is not only of astrophysical interest, but
has been used many times in the past to understand fun-
damental problems in gravity [19–21].
This system possesses some of the features one would
look for when trying to understand gravitational collapse:
the two shells interact gravitationally and can exchange
energy (leading to blue- or redshift effects in the shells);
they are forced to either interact or collapse, a feature
present also in anti-de Sitter (AdS) spacetime; and most
importantly, the dynamics is easy to solve for.
Depending on the initial conditions, we find perpet-
ually oscillating solutions, prompt collapse to BHs and
even BH formation at arbitrarily large times. We are
not implying that, say, the full complexity of gravita-
tional “turbulent” phenomena is present in our setup; we
are merely showing that aspects of the problem of grav-
itational collapse in confining geometries are present in
this simple setting, which can be formulated simply and
whose resolution involves only first order ODEs. This
makes it easy to generalize to other frameworks (higher
dimensions, theories with a cosmological constant, ro-
tation, etc.) and to isolate the important features. In
addition, we also show that even “free” shells moving in
an asymptotically flat spacetime can exchange energy in
such a way that the system never collapses nor disperses,
forming instead a bound, oscillating configuration.
II. Setup. We focus exclusively on spherically symmet-
ric spacetimes. We consider pure General Relativity with
no cosmological constant, but our results and methods
are easily generalizable. On this spacetime, we set up a
confining box of radius Rext which reflects all incoming
matter. Inside the box, we add two infinitely-thin, spheri-
cally symmetric shells of matter each of radius R1,2. The
motion of the shells is governed by Einstein equations,
which in this case can be solved at full nonlinear level,
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2since inside and outside the shell the solution has the
Schwarzschild form [19] (see [22] for the case of more
general spherically symmetric geometries).
Consider first a single shell which will, generically, be
described by the Schwarzschild solution with mass M−
and whose exterior is also Schwarzschild with mass M+.
The shell’s radius is R(τ), where τ denotes the shell’s
proper time. The induced metric on the shell is
dσ2 = −dτ2 +R(τ)2dΩ2 , (1)
and the non-vanishing components of the extrinsic cur-
vature are (with ± exterior and interior, respectively)
K±ττ = −
β˙±
R˙
,K±θθ = Rβ± ,K
±
φφ = R sin
2 θβ± , (2)
β± ≡
√
R˙2 + 1− 2M±/R . (3)
Here, the overdot denotes a derivative with respect to τ .
The shell is taken to be described by the following sur-
face stress-energy tensor,
Sij = (ρ+ P )uiuj + Pgij , (4)
where ui is the perfect fluid’s 3−velocity, ρ its energy
density and P its pressure. Defining the jump of a given
quantity X across the shell surface as [X] ≡ X+ − X−,
the Israel-Darmois conditions [19, 23]
8piGSij = − ([Kij ]− gij [K]) , (5)
where K± = β˙+/R˙+ 2β±/R is the trace of the extrinsic
curvature, yield
β+ − β− + 4piGRρ = 0 , (6)
P +
ρ
2
+
d
dR
(
Rρ
2
)
= 0 . (7)
Assuming, for simplicity, that the shell is described by an
equation of state of the form P = wρ, with w a constant,
we find from (7) that
ρ =
m
4piGR2+2w
, (8)
with m a constant, corresponding to the shell’s invariant
mass and G denoting Newton’s constant. Inserting this
solution in (6), we finally have
R˙2 + V = 0 , (9)
where the effective potential is
V = 1−M+ +M−
R
− (M+ −M−)
2
m2
R4w− m
2
4R2+4w
. (10)
Notice that the shell material obeys all the relevant en-
ergy conditions [24], in particular the null (ρ+P ≥ 0), the
weak (ρ ≥ 0, ρ+P ≥ 0), the strong (ρ+P ≥ 0, ρ+3P ≥ 0)
and the dominant (ρ ≥ P ≥ −ρ) energy conditions, for
any positive density ρ and 1 ≥ w ≥ −1/3.
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FIG. 1. Evolution of a “free” double-shell system under their
own gravitational field. The solid (red) curve denotes the out-
ermost shell and dotted (blue) points the innermost. We take
the total gravitational massM1 = 1 , and the equation of state
to be specified by w = 0.86. Both shells have identical mass
parameter m = 2.9; the inner gravitational mass was tuned
to M2 = 0.663. The crossing point is at R = 2.10533719.
Equation (9) allows us to follow the position of the
shell, given the amount of matter on the inside. Al-
gorithmically thus, the two-shell problem is solved by
using (9) to track the position R1,2 of the outer- and
innermost shells: the innermost shell is described by
(9) with M− = 0,M+ = M2 and the outermost by
M− = M2,M+ = M1. When the outermost shell reaches
the box at r = Rext, it is perfectly reflected (R˙1 → −R˙1).
We must also decide what happens whenever the two
shells collide. Thin shells of dust would simply cross
without any interaction—besides the gravitational influ-
ence, which is already taken into account by the junc-
tion conditions. However, we are interested in endowing
our shells with non vanishing pressure, thus counteract-
ing each shells’ gravitational self-attraction. Depending
on initial conditions, on each journey towards the center
a shell can then either collapse or bounce back. Nev-
ertheless, we model the problem by assuming that the
two shells cross without changing their invariant masses
and taking their 4-velocities to be continuous at the col-
lision. This, however, does not preclude the shells from
exchanging energy [25]. With this physically-sensible as-
sumption, after the shells cross the gravitational mass M ′2
exterior to the first shell can be read off from Eq.(3.18)
in Ref. [26] (see also Refs. [21, 25]), which is obtained
from conservation of energy and momentum during the
collision, assuming the shells are “transparent”.
Because of the immense freedom in the problem (in
choosing the initial location of each shell, the equation
of state parameter w, the mass parameter m and masses
of each shell), we will focus exclusively on shells initially
on the same location R(t = 0) = Ri, with the outermost
shell expanding and the innermost contracting, and on
the following two sets of initial conditions 1:
1 These initial conditions were not fine-tuned, and parameters
3A. M1 = 1,M2 = 0.5, m1 = m2 = 0.9, w1 = w2 =
0.2. These are shells of equal invariant mass and equal
equation of state, and the free parameter in this set is
the initial location of the shells, Ri.
B. M1 = δ,M2 = 0.1δ, m1 = m2 = 0.1δ, w1 = w2 =
1, Ri = 1. The free parameter here is δ and quantifies
the energy content in the spacetime.
The numbers above refer only to the initial conditions,
as the mass of the innermost shell, M2, varies during each
crossing. The formation of an horizon is signaled by the
appearance of a zero of 1− 2M1, 2/R1, ,2. Typically (but
not always), an horizon forms first at the location of the
inner shell.
III. Free oscillating shells. This simple setup dis-
plays nontrivial dynamics, triggered by the energy ex-
change during each crossing of shells and the mutual
gravitational interaction. For example, we are able to
find solutions in asymptotically flat spacetime (i.e, with-
out the confining box) describing two oscillating shells
with identical invariant mass and equation of state. Such
oscillating solutions do not exist for a single shell.
FIG. 2. Evolution of a double-shell spacetime, when confined
to a box of radius Rext = 24. The upper panel shows shell
positions as function of coordinate time t as measured between
shells, for M1 = 1, w = 0.2,m = 0.9, Ri = 4.45825863. Lower
panel shows the lowest value of 1 − 2M1,2/R1,2 computed at
the surface of both shells.
The potential V felt by an isolated shell with positive
w is easily seen, from Eq.(10), to diverge negatively as
R→ 0, ∞. Somewhere in between it will feature a peak.
For certain choices of the parameters this maximum will
be positive, thus restricting classical motion either to the
interior region, which contains the origin, or to the exte-
rior region. Now, considering two shells, each time they
close to these yield the same qualitative behavior. Thus, the
behavior we discuss in the following is characteristic of a generic
class of configurations. However, there are certain ranges of pa-
rameters, for example very small w, for which we observe prompt
collapse only.
cross their effective potential suddenly changes. There-
fore, if it is possible to choose parameters such that (i)
the potential for the exterior shell has a (positive) peak
exterior to the (also positive) peak of the potential for
the interior shell, (ii) there is a finite region between the
two peaks where both potentials are negative (allowing
for classical motion) and (iii) the event horizons of the
two non-flat regions are inside the turning points, then
such a setup is likely to yield oscillatory motion.
One or more of the properties above may be destroyed
after a number of shell-crossings. However, by scanning
the three-dimensional parameter space {w,m,M2}, fix-
ing the total ADM mass M1 = 1 without loss of general-
ity, we indeed found configurations satisfying the above
conditions. An example of the shell radius as a function
of coordinate time (measured by an observer located be-
tween shells) is shown in Fig. 1. This solution requires
fine tuning of parameters; otherwise we find that, gener-
ically, upon each crossing the gravitational mass of the
interior shell changes, leading to a progressive change in
the crossing radius and eventually giving rise to collapse
or to continued expansion. This suggests that such con-
figurations are generically unstable [27].
IV. Delayed collapse and critical phenomena.
When evolving in confined geometries, even single shells
show a richer structure, without any need of fine-tuning:
the shell can collapse promptly, it can oscillate forever or
it can bounce at the wall and then collapse. This richer
dynamics has a counterpart on the dynamics of two-shell
systems, whose final outcome depends sensitively on the
initial conditions and parameters chosen.
An example concerning the evolution of initial data of
type-A is shown in Fig. 2, for which the system only col-
lapses after five crossings. Because the number of cross-
ings is odd, it means that it is the initially outermost
shell that eventually collapses. We find that the num-
ber of crossings, and even its parity, are highly sensitive
to the initial conditions. This sensitiveness for type-A
initial data is illustrated in Fig. 3, where we show the
number of crossings between the two shells as a func-
tion of Ri. There is a certain “fractal-like” structure
not visible in the figure: the transition between one of
the large plateaus to another (say, from 2 → 4 crossings
at Ri ∼ 4.4) when zoomed-in looks like the Fig. 3 it-
self, but starting with an odd number of crossings (3 in
this case). The number of crossings increases, and the
length of the corresponding plateau decreases as one ap-
proaches Ri ∼ 7.2. Between Ri ∼ 7.2− 14.2, we find no
collapse, but it settles in again for Ri > 14.2. Transitions
that change parity are usually associated with a mass-gap
(discontinuity) in the mass of the newly formed BH. For
type-A initial data, we find that the odd-odd transitions
(which are barely visible in the plot) are associated with
“critical” points [28]; this means that the mass enclosed
by the horizon (when it first forms) is not a smooth func-
tion of the distance Ri. Some of the features we observe
– in particular decreasing plateaus and larger number of
crossings between critical points – are similar to the ones
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FIG. 3. Evolution of a double-shell spacetime with type A
initial conditions, when confined to a box of radius Rext = 24.
We find no collapse (or then it occurs only after a very large
number of crossings not covered by our numerical results) for
7.2 . Ri . 14.2. We find arbitrarily large number of crossings
at each critical point, where the number of crossings changes.
present in the collapse of scalars [29] (see in particular
Figs. 7-9 in Ref. [30]). This structure is highly depen-
dent on the fine details of energy exchange between the
shells: changing the location of the boundary may change
the outcome even at a qualitative level.
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FIG. 4. BH mass as a function of the initial energy content
δ. From right to left, before each peak in the BH mass, the
number of shell crossings is 1, 3, 5, 7, 9. We do not observe
any mass gap in the transitions. For δ . 0.13267 we find no
collapse.
This type of behavior is more clearly seen for type-B
initial data, controlled by the δ parameter. The results
are summarized in Fig. 4.
For δ & 0.13267 the system always collapses to a BH
(For δ ≥ 2 an horizon encloses the initial configuration).
Collapse is triggered by energy exchange between the
shells, as indicated by the fact that collapse occurs only
after the shells cross once or multiple times. For these
particular parameters, collapse occurs after an odd num-
ber of crossings, indicating that it is the initially out-
ermost (and more energetic) shell that collapses. The
dependence of the BH mass on δ is shown in Fig. 4. The
BH mass MBH displays critical behavior. It is a con-
tinuous function of δ, but its derivative is not C0 at the
critical points. In fact, the mass function is smooth to
the right of the transition point, but its derivative blows
up to the left of the transition point, signalling critical
behavior [9, 31]. Note that the final state is a BH on
both sides of the critical point. Each critical point is the
limit of a branch of shell configurations which crossed a
fixed number of times before forming an horizon. Close
to, and to the left of these critical points, the BH mass
can be characterized by
MBH −M0 ∼ |δ − δ∗|γ , (11)
For these particular initial configurations, we find no
mass gap, and M0 is the limiting BH mass at the criti-
cal point. The critical exponent is γ ∼ 0.2 for the first
transition (separating collapse after one and three shell
crossings).
Our results are similar in many aspects to those de-
scribing gravitational collapse of scalar fields in AdS
space or in spacetimes confined by artificial walls: non-
linear blueshift causes collapse and critical behavior is
observed at each transition [11, 16, 18] (notice the strik-
ing qualitative agreement between our Fig. 4 and Fig. 1
in Ref. [11], and most specially the overall consistency
with Figs.7-9 in Ref. [30]).
V. Conclusions. Gravitation still hides many sur-
prises. A two-shell, spherically symmetric system is per-
haps the simplest one can conceive of having interesting
dynamics, described by first order ODEs. We have shown
that such setup displays a richness of phenomena, in-
cluding oscillating solutions and critical phenomena, but
there is certainly a number of aspects that we have not
yet explored.
Although our setup is artificial, in that the confin-
ing wall was put by hand, we are confident that these
features will be observed in asymptotically AdS space-
time, where the timelike boundary naturally provides
confinement 2. Single oscillating shells in these back-
grounds exist, as long as a centrifugal barrier is present.
When considering rotating shells this barrier is automat-
ically generated [33]. In the non-rotating case, a positive
pressure can have the same effect: this was studied re-
cently [34], supporting our arguments that phenomena
similar to what we described here will find its place in
AdS3. Thermalization on arbitrarily large timescales oc-
curs in our setup; it would be interesting to frame these
2 After submission of this work, the generalization to asymptoti-
cally AdS spacetimes was studied in Ref. [32].
3 See also [35] for oscillating rotating shells in higher dimensions
without a cosmological constant.
5results within the gauge-gravity duality. Our study will
hopefully help in shinning light over the mechanism(s) at
play in the nonlinear instability and turbulent phenom-
ena in AdS. Our particular setup is appealing because
(i) our results show that similar phenomena occurs with
(timelike) particles; (ii) it does so directly in position
space, whereas more traditional analysis focus on Fourier
space (but see Ref. [36]); (iii) it does not require complex
computational work and (iv) it can be generalized in a
number of ways, to higher-dimensional frameworks, to
asymptotically AdS, including shells with charge, rota-
tion, etc.
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